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ABSTRACT 

Let d > 1, and  let ~ and  ~ be  mixing zd-ac t ions  by a u t o m o r p h i s m s  

of zero-dimensional  compac t  abel ian groups  X and Y, respectively. By 

analyzing the  homoclinic groups  of cer tain sub-ac t ions  of c~ and  /~ we 

prove tha t ,  if the  restr ic t ion of ~ to some subgroup  F C Z d of infinite index 

is expans ive  and  has  complete ly  posit ive entropy, t hen  every measurab le  

factor m a p  ~: (X, a )  ~ (](:/~) is a lmost  everywhere  equal  to an  affine 

map.  T h e  hypotheses  of  this  result  are au tomat ica l ly  satisfied if the  act ion 

(~ conta ins  an  expansive a u t o m o r p h i s m  c~ n, n E Z d, or if (~ arises f rom 

a nonzero pr ime ideal in the  ring of Lauren t  polynomia ls  in d variables 

wi th  coefficients in a finite pr ime field. Both  these corollaries generalize 

the  m a i n  theo rem in [9]. In  several  examples  we show tha t  this  kind of 

i somorph ism rigidity breaks  down if our  hypotheses  m e  weakened.  
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1. I n t r o d u c t i o n  

Throughout this paper the term c o m p a c t  a b e l i a n  g r o u p  will denote an infinite 

compact metrizable abelian group. 

Let X be an additive compact abelian group with identity element 0x, nor- 

malized Haar measure ~x and additive dual group f( .  For every x E X and 

a E X we denote by (a,x)  E S = {z E C: Izl = 1} the value of the character 

a E ~Y at the point x E X. An a l g e b r a i c  a c t i o n  a of a countable group F on 

X is a homomorphism c~: 7 ~-+ ct~ from P into the group Aut(X)  of continuous 

automorphisms of X. An algebraic F-action (~ on a compact abelian group X is 

e x p a n s i v e  if there exists an open set (9 C X with 

N {0x}, 
"yEF 

and m i x i n g  if there exists, for all nonempty open subsets (91, 02 C X,  a finite 

set F C F with 

01 n # ¢ 

for every -y E F \ F.  

Let a and /5 be algebraic F-actions on compact abelian groups X and Y, 

respectively. A Borel map ¢: X > Y is e q u i v a r i a n t  if 

(1.1) ¢ o a v =/5~ o ¢ Ax-a.e., for every - /E F. 

A surjective equivariant Borel map ¢: X ~ Y in (1.1) with Ay = Axe  -1 is 

called a m e a s u r a b l e  f a c t o r  m a p  

(1.2) 0: (X, a)  ---+ (Y,/~). 

If there exists a measurable (or continuous) factor map ¢: (X, c~) > (Y,/5) then 

(Y,/5) is a m e a s u r a b l e  (or topo log ica l )  f a c t o r  of (X, a).  If  the factor map ¢ in 

(1.2) is a continuous surjective group homomorphism then (t7,/5) is an a l g e b r a i c  

f a c t o r  of (X, a)  and ¢ is an a l g e b r a i c  f a c t o r  m a p .  The actions a and/5 are 

m e a s u r a b l y ,  t o p o l o g i c a l l y  or a l g e b r a i c a l l y  c o n j u g a t e  if the map ¢ in (1.2) 

can be chosen to be a Borel isomorphism, a homeomorphism or a continuous 

group isomorphism (in which case ¢ is called a m e a s u r a b l e ,  t o p o l o g i c a l  or 

a l g e b r a i c  c o n j u g a c y  of (X, ~) and (]7,/5)). 

A map ~b: X > Y is a l f ine if there exist a continuous group homomorphism 

~b': X - - +  Y and an element y E Y with 

¢(x) = ¢'(x) + y 
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for every x C X. If there exists an affine factor map g,: (X, ~) ~ (Y,/3) then 

(Y,/3) is obviously an algebraic factor of (X, c~). 

For d = 1, any algebraic Z-action is determined by the powers of a single group 

automorphism ~. If ~ is ergodic, then it is Bernoulli (cf., e.g., [1]), which implies 

that  two such actions with equal entropy are measurably conjugate even if they 

are algebraically non-conjugate. 

If d > 1 and ~l,  c~2 are algebraic Za-actions with completely positive entropy 

with respect to Haar measure, then they are Bernoulli by [11] and can thus 

again be measurably conjugate without being algebraically conjugate. However, 

if these actions are mixing with zero entropy, then measurable conjugacy implies 

under certain additional conditions not only algebraic conjugacy, but also 

that every measurable conjugacy between such actions is (almost everywhere 

equal to) an affine map. For irreducible I and mixing algebraic Zd-actions with 

d > 1 this kind of strong isomorphism rigidity was proved in [8] [9], and in [13] 

the (cautious) conjecture was formulated that e v e r y  measurably conjugate pair 

of expansive and nfixing zero-entropy algebraic Zd-actions with d > 1 is alge- 

braically conjugate, and that every measurable conjugacy between such actions 

is affine. 

In [2], the first author presented a counterexample to this conjecture: there 

exist two measurably conjugate expansive and mixing zero-entropy algebraic Z s- 

actions ~1 and c~2 on non-isomorphic zero-dimensional compact abelian groups 

X1 and X2, respectively. On the positive side it was shown in [3] that,  for d > 1, 

every measurable conjugacy between expansive and mixing zero-entropy algebraic 

Zd-aetions on zero-dimensional compact abelian groups is (almost everywhere 

equal to) a continuous map with certain additional algebraic properties. 

In this paper we present further counterexamples to the rigidity conjecture 

in [13], including two measurably conjugate, but algebraically non-conjugate, ex- 

pansive and mixing zero-entropy Z3-actions on zero-dimensional compact abelian 

groups. However, if d > 1, and if a l  and a2 are mixing algebraic Zd-actions on 

zero-dimensional compact abelian groups X1 and X2 such that the restriction of 

a l  to some subgroup F C Z d of infinite index is expansive and has completely 

positive entropy, then every measurable factor map between a l  and a2 is affine 

(Theorem 4.1). Since this condition is automatically satisfied if a l  is an expansive 

Z2-action with zero entropy (or, more generally, if a l  contains an expansive ele- 

ment a~), all expansive and mixing zero-entropy algebraic Z2-actions (or all mix- 

1 An algebraic Zd-action a on a compact abelian group X is irreducible if every 
closed a-invariant subgroup Y C X is finite. 
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ing algebraic Zd-actions containing an expansive element) on zero-dimensional 

compact abelian groups exhibit strong isomorphism rigidity (Corollary 4.2). In a 

second corollary (Corollary 4.3) we show that  any measurable conjugacy between 

two mixing algebraic zd-actions a l ,  a2 arising from nonzero prime ideals in the 

ring R(f  ) of Laurent polynomials in d variables with coefficients in a finite prime 

field Fp via the construction (2.10)-(2.11) is affine. 

The key tools for the proof of Theorem 4.1 are the continuity of measurable 

equivariant maps proved in [3] and a detailed investigation of the homoclinic 

groups of certain sub-actions of the Zd-actions a l  and a2 in Proposition 3.5. 

In [5] Manfred Einsiedler has recently given a proof of Theorem 4.1 by a 

different method based on relative entropy considerations in the sense of [7]. 

2. A l g e b r a i c  Zd-ac t ions  on  z e r o - d i m e n s i o n a l  g r o u p s  

Let a be an algebraic F-action on a compact abelian group X.  For every subgroup 

F t C F we denote by a r '  the restriction of a to F t. If  Z C X is a closed a-invariant 

subgroup we write a z  and a x / z  for the algebraic zd-actions induced by a on Z 

and X / Z ,  respectively. 

We denote by Rd = Z [ u ~ l , . . . , U d  :eli the ring of Laurent polynomials with 

integral coefficients in the variables Ux . . . .  , Ud and write the elements f E Rd as 

(2,1) s-- Z s 
nEZ d 

nd and fn E Z for all n = (hi . . . .  rid) C Z d, where fn -- 0 for with u n = u~ 1 . . . u  d 

all but  finitely many n E Z d. 

If a is an algebraic zd-action 

additively-written dual group M 

respect to the operation 

on a compact abelian group X,  then the 

= .Y is a module over the ring Rd with 

(2.2) f *a = f (~)(a)  : ~ fn~'~(a) 
nEZ d 

for f E Rd and a E M, where a ~'~ denotes the automorphism of .~ dual to a n. 

The module M = .~ is called the d u a l  m o d u l e  of a.  

Conversely, if M is a module over Rd, then we obtain an algebraic Zd-action 

a M o n  X M  = M by setting 

(2.3) a~/(a)  = u n-  a 

for every n E Z d and a E M. Clearly, M is the dual module of aM. 
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Let a be an algebraic Zd-action on a compact abelian group X with dual 

module M = f ; .  For every f = ~ n e z e  fn un E Rd we define a continuous group 

homomorphism f ( a ) :  X > X by setting, for every x E X,  

(2.4) f ( a ) ( x )  = ~ fnanx .  
r lEZ d 

Note that  f ( a )  is dual to multiplication by f on M = .~ (or, equivalently, that  

f ( a )  = f (~ )  in (2.2)). Hence f ( a )  is surjective if and only if f does not lie in 

any prime ideal associated 2 with M. For details we refer to [12]. 

In this paper  we restrict our attention to algebraic zd-actions on zero- 

dimensional compact abelian groups. We recall the following results (cf. 

[12, Propositions 6.6 and 6.9]). 

LEMMA 2.1: Let a be an algebraic Zd-action on a compact abelian group X .  

Then the group X is zero-dimensional i f  and only i f  every prime ideal p associated 

with the dual module M -- .~ of a contains a rational prime constant p(p) > 1. 

LEMMA 2.2: Let a be an algebraic zd-action on a zero-dimensional compact 

abelian group X with dual module M = .Y. 

(1) The following conditions are equivalent. 

(a) a is expansive; 

(b) the module M is Noetherian. 

(2) The following conditions are equivalent. 

(a) aM is mixing; 

(b) aR~/p is mixing for every p E Asc(M); 

(c) p A { u  n - l : 0 ¢ n E Z  d } = O f o r e v e r y p E A s c ( M ) .  

(3) The following conditions are equivalent. 

(a) aM has positive entropy (with respect to the normalized Haar  mea- 

sure Ax of X);  

(b) aRd/p has positive entropy for some p E Asc(M);  

(c) some p E Asc(M) is principal (and hence of the form p = (p) = PRd 

for some rational prime constant p > 1). 

(4) The following conditions are equivalent. 

(a) C~M has completely positive entropy (with respect to Ax ); 

2 A prime ideal p C Rd is associated with  an Rd-module M if p -- ann(a) -- 
{ f  E Rd: f "  a ---- 0M} for some a E M, and the module M is associa ted with  
a p r ime  ideal p C Rd if p is the only prime ideal associated with M. The set 
of prime ideals associated with a Noetherian Rd-module M is finite and denoted 
by Asc(M). 
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(b) C~nd/p has positive entropy for every p C Asc(M); 

(c) every p E Asc(M) of the form p = (p) = pRd for some rational prime 

constant p = p(p) > 1. 

LEMMA 2.3: Let a be an expansive algebraic gd-action on a zero-dimensional 

compact abelian group X with dual module M = X. / fAsc (M)  = {p~, . . . ,  Pro}, 

then there exist Noetherian Rd-modules N D_ M D N ~ with the following 

properties. 

(1) N = N (1) O" ". ® N (m), where each of  the modules NU) has a finite sequence 

_- No ( ~ v ( J ) l ~ v ( J )  - -  Rd/pj  of  submodules N (j) N (j)~j D . . .  D J) = {0} with " k  J " k - 1  

for k = 1 , . . . , s j ;  

(2) N and N ~ are isomorphic as Rd-modules. 

In view of the Lemmas 2.1-2.3 it is useful to have an explicit realization of 

Zd-actions of the form aR~/p, where p C Rd is a prime ideal containing a rational 

prime constant p > 1. 

Denote by R (p) Fp[u~ 1, ±'  . . . . .  u d ] the ring of Laurent polynomials in the 

variables u l , . . . ,  Ud with coefficients in the prime field Fp = Z / p Z  and define a 

ring homomorphism f ~-+ f/p from Rd to R(d p) by reducing each coefficient of ] 

modulo p. As in (2.1) we write every h E R(d p) as h = ~ n e z ~  hnun with hn E Fp 

for every n E Z d. The set 

(2.5) S(h) = {n C zd: Ch(n) # 0} 

is called the s u p p o r t  of h c R (p). 

If p C Rd is a prime ideal containing the constant p, then 

( 2 . 6 )  = {f/p: f • p} c n(f ) 

is again a prime ideal, and the map f ~ f /v  induces an Rd-module isomorphism 

(2.7) n , /p  n(f) 

Let Ft = F~ d, furnished with the product topology and component-wise addi- 

tion. We write every ~ • £t as ~ = (oJ,) with w~ • Fp for every n • Z d and 

define the shift-action e of Z d on f~ by 

( 2 . 8 )  = 

for every m • Z d ando~ = (wn) • ft. For every h = ~ n c ~ d h n u  n • R (p) we 

define a continuous group homomorphism h(a): Yt ~ fl as in (2.4) by 

= 

n ~ Z  d 
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The additive group R (p) can be identified with the dual group ~ of ft by setting 

(2.9) <h, co> = e2~i(E,e ~d h,,~,.)/p 

for every h E R (p) and w E ft. With this identification the shift am: ~ > Q is 

dual to multiplication by u m on ~ = R(d p), and h(a) is dual to multiplication by 

h on R(d p) for every h E R~ p). 
If q C R~ p) is an ideal with generators {h O) . . . . .  h(k)}, then 

A 

q± = R(dP)/q = XnT) / ,  = {w Ef t :  (h, w) = 1 for every h E q} 

k (2.10) 
= ("] ker(h(a)) 

hEq 

is a closed, shift-invariant subgroup of ft, and 

(2.11) ~n(,j/q -- aXR(d,)/" 

= N ker(h(i)(a)) 
i=1 

is the restriction of the shift-action a to Xn(,).  C Q. 
. ~ / q  

We will use the following result from [3~ on measurable equivariant maps 

between algebraic Zd-actions on zero-dimensional groups (eft [3, Corollary 1.2]). 

LEMMA 2.4: Let d > 1, and let c~ and/3 be mixing zero-entropy algebraic Z a- 
actions on compact abelian groups X and Y,  respectively. Then there exists, 

for every measurable Zd-equivariant map ¢: (X, a)  > (I%/~), a continuous Z d- 

equivariant map 0~: (X, a) ) (1,/~) such that 4) = 4)'Ax-a.e. 

3. H o m o c l i n i c  p o i n t s  

Definition 3.1: Let a be an algebraic Zd-action on a compact abelian group X, 

and let F C Z a be a subgroup. 

identity element 0x of X),  if 

An element x E X is (a, F ) -homoc l in i c  (to the 

liul oznx = 0 X .  
n - - +  o o  

n E F  

The a-invariant subgroup A(~,r)(X) C X of all (a, F)-homoclinic points is an 

Rd-module under the operation 

f .~" = f ( ~ ) ( z )  

for every f E Rd and z E A(~,r)(X) (eft (2.4)), and is called the F -homoe l in i c  

m o d u l e  o f  a (ef. [10]). 
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PROPOSITION 3.2: Let & be an expansive algebraic zd-action on a compact 

abelian group X ,  and let F c Z d be a subgroup. Then A(a,r) ~ {Ox} if  and only 

i f  the entropy h(a  r)  of the algebraic F-action a r on X is positive, and A(~,r ) is 

dense in X if  and only if c~ r has completely positive entropy (where entropy is 

always taken with respect to Haar measure). 

Proof: This is [10, Theorems 4.1 and 4.2]. I 

If an expansive and mixing algebraic zd-action ct on a compact abelian group 

X has zero entropy, then the homoclinic group Aa(X)  of this Zd-action is trivial 

by Proposition 3.2, but A(~,r) will be dense in X for appropriate subgroups 

F C Z d. We investigate this phenomenon in the special case where p > 1 is a 

rational prime, f E R (p) an irreducible Laurent polynomial such that the convex 

hull e ( f )  C R d of the support S(f)  C Z d of f contains an interior point (cf. 

(2.5)), and where a = O~R(dp)/(f ) is the shift-action of ~/d o n  the compact abelian 

group X = XR(d~)/(f) C Fp zd defined in (2.10)-(2.11). 

We write [., .] and I1 II for the Euclidean inner product and norm on R d and 

set, for every nonzero element m E Z d, 

(3.1) Fill ---- {n E zd: [m, n] = 0}. 

Let 

Sd-  --  { v  e Ilvll -- 1)  

be the unit sphere in R d and put, for every v E Sd-1, 

Hv = {w E zd: [v, w] _< 0}, 

X,, = {x E X: xn = 0 for every n E H.,}. 

Following [6] we observe that  the set 

N(c~) = {v E Sd-l: X,, ¢ {0x}} 

consists of all v E Sd-1 such that 

{w E e ( f ) :  [w,v] = max [w',v]} 
wtEC(f) 

contains a (one-dimensional) edge of C(f) (recall that e ( f )  C R d is the convex 

hull of the support of f in (2.5)). The complement 

(3.2) E(c~) = Sa-~ \ N(o~) 
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of N(a) is dense, open, and consists of finitely many connected components. 

Hence the set 

(3.3) E*(c~) = E(o~) N (-E(o~)) = Sd-,  \ (N(o~) U (-N(o~))) 

is again dense, open, and has finitely many connected components, called the 

W e y l  c h a m b e r s  of c~. For every nonzero m • Z d with 

m 
(3.4) m* - • E*((~) 

Ilmll 

we denote by W(m)  the connected component of E((~) containing m* and write 

W*(m) = W(m)  A W ( - m )  for the Weyl chamber of E*(c~) containing m*. In 

this notation we have the following lemma. 

LEMMA 3.3: Let f • R(d p) be an irreducible Laurent polynomial such that the 

convex hull e (])  C R d of the support $( f )  C Z d of f contains an interior point, 

and let ~ -- an(,)/(f) be the shift-action of  zd  on the compact abelian group 

X = Xn( , , / ( i )  C Fp zd defined in (2.10)-(2.11). 

(1) For every nonzero element m • Z d, the action a rm is expansive i f  and only 

i f m  satisfies (3.4). 

(2) / f  m satisfies (3.4) then A(~,r,.) is dense in X and there exists a f u n d a -  

m e n t a l  homoc l in i c  po in t  x A • A(~,rm) such that 

(3.5) {h(ct)(xa): h • R (p) } = A(a,r~) 

and 

(3.6) h(a)(x  A) = Ox i f  and only i f h  • ( f ) .  

(3) f i n  • Z d is a second nonzero element satisfying (3.4), then 

A ( ~ . , r ~ . )  = A(a,rn) 

whenever W* (m) = W* (n). 

Proof: The assertion (1) follows from [4], [6] or an elementary direct argument. 

In order to prove the existence of a fundamental homoclinic point x ~ in (2) 

we choose an element m ~ C Z d with ~d ~_~ Fm hi_ {kmq k • Z} and write f 
k2 ukm~g(k) as f = ~k=kl  for appropriate integers kl < k2, where g(g(k)) C Fm 

for every k = kl . . . . .  k2, and where g(~l) and g(k2) each have a single nonzero 

entry. As X -- ker(f(~r)) by (2.10), every x • X is determined completely by its 
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coordinates in the subset S = Fin + { k l m  ~ . . . . .  (k2 - 1)m'} C zd; furthermore, 

the projection lrs: X > Fp S onto the coordinates in S is bijective and 

A(a,rm) = {x = (Xk) E X: Xk ¢ 0 for only finitely many k E S}. 

The point x A E X with XklA m '  = 1 and XkA = 0 for every k E S \ {k lm  ~} will 

satisfy (3.5)-(3.6). Note that  we have proved in passing that  a r ~  is the shift- 

action of Fm on A r'~ for some finite abelian group A, and that  A(~,rm) is dense 

in X. 

For (3) we consider the convex cone 

with dual cone 

C ' ( m )  = {v E R d "-, {0}: v* E W(m)}  

(3.7) C(m)  -= {w E •d: [w,v] < 0 for every v E C ' (m)} .  

If  1 E e ( f )  is the unique vertex with 

[1, m] = max{[k, m]: k E 8(f)},  

then C ( m )  is the smallest cone in R d containing 8 ( f ) - I  = 8(u-'f). Furthermore, 

if n E Z a \ {0} and n* E E*(a), then 

(3.8) C ( m )  = C(n)  if and only if W ( m )  = W(n)  

(cf. (3.7)), but the interiors of C ( m )  and C(n)  may obviously have nonempty 

intersection even if W ( m )  ¢ W(n) .  

For every homoclinic point x E A(~,rm)(X) we set 

8(x) = {n E zd: Xn ¢ 0} 

and note that  there exist elements k + E 7/~d with 

(3.9) S(x) C (k + - C(m) )  U ( k -  - C ( - m ) ) .  

This shows that  x is homoclinic for every a r" with n* E W*(m).  Since x E 

A(~,rm)(X) was arbitrary, and since the situation is symmetric in m and n, this 

proves (3). I 
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for every M _> 0. 

g(~)(~)  = o x .  
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LEMMA 3.4: Let d > 1, p > 1 a rational prime, and let f E R (p) be an irreducible 

Laurent polynomial such that the convex hull C( f ) C R d of  the support 8 ( f  ) C Z d 

contains an interior point. Let a = ~n(dp)/(]) be the shift-action of  Z d o n  the 

compact abelian group X = Xn(dp)/(1) c Fp ~d defined in (2.1o)-(2.11), and let 

z E X be a point with the following property: there exist an integer k > 1 and 

elements ni, i = 1 , . . .  k, in 7]~ d \ {0} such that 

k 
(3.10) S(Z)---- {nEZd:Zn ~O}c (i~IFn~) 

for some integer N > O, where 

Q ( M )  = { - M , . . . , M }  d C Z d 

Then there exists a Laurent polynomial g E R(d p) \ ( f )  with 

Proof: We write f in the form (2.1), assume without loss in generality (by 

multiplying f by a monomial u k, if necessary) that 

S = 8 ( f )  n F .  k ¢ 0 ,  

and set 

hk = E f n u n "  

nCFn k 

Since the convex hull of the support of hk has no interior point, hk ¢ (f) .  

Choose M ~ 1 with g(f )  C Q(M) (cf. (3.11)), and let 7" __> 1 be an integer with 

pr > 2dN. For every k E Z a with 

k--1 

i = l  

tile support of the Laurent polynomial u k p  ~ does not intersect 

+oil/. 
i----1 

Furthermore, if 

k 

n/Fo, + n [ ( u  )+ Q/N>] 0 
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then 

k 

(3.12) s(ukfP") f't (Fnk +Q(N))= ,g(ukh~")f~ [( U l"ni/ + Q(N)] 
i-1 " 

= $(ukh~ ~) N (I ' , ,  + Q(N)) .  

According to the definition of X in (2.11), fPM(o~)(z) = Ox, and hence 

0 -- fP~(O~)(Z)-k = (ttkfP')(O~)(Z)o : E f .Zk+p. .  
neg(f )  

E ,. p~ * ,fnZk+p'n ---- (ukh  p )(Ot)(Z)0----h k (OL)(Z)_k, 

nE$(hk) 

where the identity marked =* follows from (3.12). The Laurent polynomial h~ = 
pr 

h k ~ (f)  thus has the property that 

k--1 

for some integer N ~ >_ 1. 

We repeat the argument with k, z and N replaced by k - 1, h~ (a)(z) and N',  

respectively. After k steps we obtain Laurent polynomials h i . . . . .  h~ in R (p) such 
I l  k h ~ that g = ~/=1 i ~ ( f )  and $(g(c~)(z)) is finite. In other words, the point g(a)(z) 

is homoclinie and hence, since a has entropy zero, equal to 0x by Proposition 

3.2. I 

Now we can state the main results of this section. 

PROPOSITION 3.5: Let f C R (p) be an irreducible Laurent polynomial such that 

the convex hull C(f) C R ~ of the support $(f)  C Z ~ of f contains an interior 

point, and let ~ -- aR~p)l(f) be the shift-action of Z d on the compact abelian 

group X = XR~)/(f)  C F~ e defined in (2.10)-(2.11). Then there exists, for 

every Weyl chamber W~ of ~, a Weyl chamber W~ of a such that the following 

properties are satisfied for a//nonzero m, n E Z d with In* 6 W~ and n* E W~. 

(1) The homoclinic groups A(~,r~,)(X) and A(~Xn)(X ) are dense in X;  

(2) n = { 0 x } .  

Proof." We fix a nonzero element m E Z d with m* E W{.  Then the homoclinic 

group A(a,rm) is dense in X and isomorphic to R(P)/( f )  by Lemma 3.3. 

Suppose that A(~,rm) Cl A(~,r.) ¢ {0x} for every nonzero n C ~d satisfying 

(3.4) (with n replacing m). Under this hypothesis we shall prove the existence 
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of a Laurent polynomial g e R(d p) \ ( f )  such that g(a)(X)  = {0x}. By duality, 

(g) = gR(d p) C (f) ,  and this contradiction will prove the proposition. 

In order to construct such a Laurent polynomial g we choose an enumeration 

.. W* of the Weyl chambers of a, set nl  = m, and choose elements ni E W ~ , .  , k 

z d \ { 0 }  such that n* C W/* for i = 2 . . . .  ,k. By hypothesis, A(a,rm)NA(~,r.~) ¢ 

{0x} for i = 2 . . . . .  k, and (3.5) (3.6) allows us to find Laurent polynomials 

h (i) e R(P)\ ( f)  with h(i)(a)(x ~) e A(~,r.~)\  {0x} for i = 2 . . . . .  k. The Laurent 

k R(d p) polynomial h = 1-Ii=2 h(i) C \ ( f )  has the property that 

(3.13) Ox ¢ y~ = h(a)(x A) e A(~,r.~) 

for i = 1 . . . . .  m. It follows that ya  C A(a,r ,)  and hence that  

(3.14) lim aky A = 0X 
k--+ ~o 
N E F n  

for every nonzero n C ~ d  for which ct F" is expansive. 

From (3.9) we conclude that there exist elements k~ E Z d, i = 1 , . . . ,  k, with 

k 

(3.15) g(y~) C N ( ( k  + - C(ni))  U (k 7 - C ( - n i ) ) ) .  
i=1 

We write 5 ( f )  for the set of ((d-1)-dimensional) faces of the convex polyhedron 

e(f), choose, for every face F C 9:(f), an element vg  e N(a) orthogonal to F,  

and set 

F(F)  = rv~ 

as in (3.1). From (3.15) and the definition of X = XR~,)/(S) in (2.10) we conclude 

that  that  there exists an integer N >_ 0 with 

(3.16) S(YA) C ( U  F ( F ) ) + Q ( N ) .  
FEe'(f)  

Lemma (3.4) implies the existence of a Laurent polynomial g C R (p) \ ( f)  with 

g(~)(y~)  = (gh)(~)(x ~) = 0x.  

As explained above, this completes the proof of the proposition. I 

PROPOSITION 3.6: Let d > 1, p > 1 a rational prime, f E R(d p) an irreducible 
Laurent polynomial such that the shift-action a = aR~) /(S) of%d on the compact 
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abelian group X = XR(f)/( f)  C F~p ~ in (2.10)-(2.11) is mixing, and let m C Z d 

be a nonzero element such that  the restriction a rm of a to the subgroup Fm 

in (3.1) is expansive. Then the homoclinic group A(a,rm)(X) is dense in X .  

Furthermore, there exists an open subset W C S~-1 such that every nonzero 

element n E Z d with n* E Sd-1 has the following properties. 

(1) A(~,r . ) (X)  is dense in X ;  

(2) ZX( ,rm)(X) n = {Ox}.  

Proof: If the convex hull C(f) C ~g of the support  $( f )  C Z g of f contains 

an interior point then Proposition 3.6 is essentially a re-statement of Proposition 

3.5. 

If  e ( f )  does not contain an interior point, then we may assmne without loss 

in generality (after multiplying f by a monomial u m, if necessary) that  S(f)  is 

contained in some subspace V C •d of dimension d' < d, where we assume that  d p 

is minimal (i.e., that  there does not exist a n E Z d such that  S(unh) is contained 

in a subspace of lower dimension). Since a is mixing, Lemma 2.2 (2) implies that  

d l >  2. 

Pu t  F = V N Z d ~ Z d' and choose a subgroup F' C Z d with F N F' = {0} and 

F + F' -- Z d. We identify F with Z d', regard f as an element of R(d ,p), and apply 

Proposition 3.5 to the zd'-action an]~)/(f) on Xn(f,)/(f) to find, for every m E F 

such that  the restriction of an(f,)/(f) to the group 

Fm = {n • F: [n,m] = 0} 

is expansive, a Weyl chamber W~ of the zd'-action aR(f,)/(I) such that,  for every 

nonzero n • Z d' with n* • W2, the restriction of a (,) to Fn is again expansive Rd, /(I) 
and the homoclinic groups 

A(%(f2 /(s~'r~) ( X n(f? l ( S) )' A(%(f,~/~s~,r.)(XR(f~/(S)) 

have trivial intersection. 

Since the restriction a r of a to F is algebraically conjugate to the product 
F I 

action of F on X ~- (Xn(f,)/(f)) , we obtain that  the restrictions of a to the 

groups F m +  F' and F~ + F'  are expansive, and that  the homoclinic groups 

A(~, r~+r , ) (X)  and A(~,F,+r,)(X) have trivial intersection. It  is easy to see that  

this implies the statement of the proposition in the case where e ( f )  does not 

have an interior point (in fact, the open set W C Sd-1 can again be interpreted 

as a W e y l  c h a m b e r  of a).  | 
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4. Isomorphism rigidity 

In this section we prove the following rigidity result for measurable factor maps 

between algebraic Zd-actions on zero-dimensional compact abelian groups. 

THEOREM 4.1: Let d > 1, and let a and/3 be mixing algebraic Zd-actions on 

zero-dimensional compact abelian groups X and Y,  respectively. Suppose that 

there exists a subgroup F C Z d of of infinite index such that the restriction a r of 

a to F is expansive and has completely positive entropy. Then every measurable 

factor map 0: (X, a) --+ (t~ /3) is flx-a.e, equal to an affine map. 

Before turning to the proof of this result we mention a couple of corollaries 

which generalize the main result in [9] in different directions. 

COROLLARY 4.2: Let d > 1, and let a and /3 be mixing algebraic Zd-actions 

on zero-dimensional compact abelian groups X and Y ,  respectively. Suppose 

that there exists a nonzero element n E Z d such that the automorphism a n is 

expansive. Then every measurable factor map ¢: (X, a) > (~',/3) is Ax-a.e. 

equal to an affine map. 

Proo~ Since every mixing (= ergodic) group automorphism has completely 

positive entropy, this is Theorem 4.1 with F of rank one. | 

COROLLARY 4.3: Let d > 1, p a rationM prime, and p, q C R(a 7~) nonzero prime 

ideals such that the Zd-actions a = an~p~ /p and/3 = aR~pl /q on the compact zero 
d 

dimensional groups X = XR~p~/p and Y = Xn~p)/q in (2.10)-(2.11) are mixing. 

Then a and/~ are measurably conjugate if  and only if  they are algebraically con- 

jugate, and hence if  and only if  p = q. Furthermore, every measurable conjugacy 

0: (X, a) ~ (~/3) is Ax-a.e. equal to an affine map. 

Proof: The existence of a subgroup F C Z d of infinite index with the properties 

required by Theorem 4.1 is proved in [6] (the rank of F is the maximal number 

of algebraically independent elements in the set {u ~ + p: n E Z d} C R(dP)/p). Let 

¢: (X, a) ~ (Y,/3) be a measurable conjugaey. By Theorem 4.1, there exist 

y E Y and a continuous homomorphism 0: X --+ Y such that ¢(x) = y + 0(x) 

for .kx-a.e. x E X. It is easy to verify that 0 is an algebraic conjugacy of (X, a) 

and (~/3).  

In order to see that algebraic conjugacy implies that p = q we note that,  for 

every f E R(d p), the maps f ( a )  and f(/3) in (2.4) are surjective if and only if f ~ p 

(resp. f ~ q). | 

We begin the proof of Theorem 4.1 with a lemma. 



204 S. BHATTACHARYA AND K. SCHMIDT Isr. J, Math. 

LEMMA 4.4: For i = 1, 2, 3, let ai be a mixing algebraic Za-action on a compact 

abeliangroup Xi, andlet¢: ( X l x X 2 , a l x a 2 )  > (Xa, a3) beacontinuousfactor 

map  such that ¢(xl, x2) = Oxs whenever xt  = 0x~ or x2 = 0x2. Suppose fur- 

thermore that there exist subgroups F1, F2 in Z d such that the homoclinic groups 

A ( ~ . r d ( X i )  are dense in Xi for i = 1,2, and t h a t / k ( a s , F ~  )(X3) Ci A(aa,F2)( .Y3) = 

{Oxs}. Then ¢ ( X ,  x X2) = {Oxs}. 

Proo~ Since ¢ is a continuous factor map,  

m 
¢( 1 1,a2 2 ] = O x s  

mEP I r e E F  1 

= lim a ~ O ( x l , x 2 ) =  lim ¢(a?Xl,a~x2) 
n - ~ o ~  n - - + ~  
h e r  2 nEF 2 

for every xi E A ( ~ , r d ( X i ) ,  i = 1, 2. Hence 

¢ ( X l , X 2 )  E /k(aa ,F~)(X3 ) A A(.~,r2)(Xs ) = {0x3} .  

As A ( ~ . r d ( X i  ) C Xi is dense for i = 1,2 and ¢ is continuous this implies our 

assertion. I 

Proof of Theorem 4.1: We assume without  loss in generality tha t  the group 

zd/F is torsion-free and tha t  F - Z d' with d ~ < d. Choose a primitive 3 element 

n E Z d \ F and set F '  = F + {kn: k E Z} ~ Z d'+l.  Since a is mixing, the same is 

t rue for (~ = a r ' ,  and the expansiveness of a r  implies tha t  of c~ r ' .  Furthermore,  

since a r  is expansive, the F-action (~r has finite entropy and hence a r '  has zero 

entropy. We restrict a and /3 to F '  and assume tha t  d = d t + 1, tha t  a is an 

expansive and mixing Zd-action, and tha t  F C ~d is a subgroup of rank d -  1 such 

tha t  a r is expansive and has completely positive entropy. Since the restriction to 

subgroups F" C F of finite index changes neither expansiveness nor completely 

positive entropy we shall assume for simplicity t ha t  

F = {n = ( n l , . . .  ,nd) E zd:  n d =  0} = TAd-1. 

AS the z d - l - a c t i o n  ~ r  has finite and completely positive entropy, the same is 

t rue for fir,  and Lemma 2.2 shows tha t  every prime ideal q c Rd-1 associated 

with the dual module N '  -- Y of the z d - K a c t i o n  fir is of the form q = p(q) 

for some rat ional  prime p(q) > 1. The existence of the filtrations described in 

L e m m a  2.3 guarantees tha t  N ' is Noetherian as a module over Rd-1 and hence 

3 A nonzero element n = (n l  . . . . .  rid) E Z d is p r imi t ive  if gcd(nl . . . .  , rid) -=- 1. 
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tha t /3  r is expansive. I t  follows t ha t / 3  is expansive, tha t  the dual module  N = 

of the zd-ac t ion  /3 is Noether ian,  and t ha t  every pr ime ideal p C Rd associated 

with N is of the form p = (p, f )  = pRd + f R d  for some ra t ional  pr ime p > 2 

and some Laurent  po lynomia l  f E Rd whose reduct ion f /p  modulo  p is nonzero 

(otherwise/3 would have posit ive entropy by L e m m a  2.2). 

We app ly  L e m m a  2.3 and choose isomorphic Rd-modules  L _D N _D L '  with 

the proper t ies  ment ioned there. As L and L '  are isomorphic,  the restr ict ions to 

F of the Zd-actions aL,/3,/3' = aL, all have the same entropy. The  inclusion 
r ? L ~ C N induces a dual algebraic factor  m a p  #,: (Y,/3) ~ (XL, , /3 ) ,  and the 

fi l tration of L ~ ~ L described in L e m m a  2.3 induces a f i l trat ion ~ = XL, D . . .  D 

~'~ = {0} of Y by /3 ' - invar ian t  subgroups  such t ha t  each ( ] j / ] ' ~ - l ,  f l~ /y~_, )  is 

algebraically conjugate  to (XR~,)/(y), aR~p)/(y)) for some ra t ional  pr ime p > 2 

and some nonzero element f E R(a p) such tha t  C~R(d,)/(y ) is mixing. For every 

j = 0 . . . . .  k we denote by 7rj: I~, > t"~./~) the quotient  map.  

Suppose tha t  ¢: (X, (~) > (]%/3) is a measurable  factor map.  L e m m a  2.4 

allows us to assmne tha t  ¢ is continuous, and we set Cj = 7rj o ¢ o ¢ :  X > ~ . / Y j  

f o r j  = 0  . . . . .  k - 1 .  

We set j = k - l ,  Y "  = l~)~/~k-1, and wri te /3"  =/3~,,, for the Zd-action induced 

by /3 '  on Y".  Then  the r e s t r i c t i on /3 , r  of /3"  to F is expansive, and Proposi t ion  

3.6 and L e m m a  3.3 (1) allow us to find a nonzero element n E Z d such tha t  

the  restrict ions a r -  and y , r ~  of a and /3  '~ to Fn are expansive,  the homoclinic 

group A ( ~ , r . ) ( X )  is dense 4 in X ,  and the homoclinic groups A(Z,, , r)(Y") and 

A(Z , , , r , ) (Y ' )  have tr ivial  intersections. We write ~: X × X > Y"  for the m a p  

(I)(3/:1, X2) = (~k-- l (Xl  "~ 3":2)  - -  ~ ) k - l ( X l )  -- (~k- l (X2)  "~ ( ~ k - l ( 0 X )  

and obta in  from L e m m a  4.4 tha t  • = 02,, or, equivalently, tha t  

~/' O ¢ (X  1 -~ X2) -- 't/' O ¢ ( X l )  - - '~ '  O 0(X2)  -I- ~' O (~(0X) E ~ 'k-1  

for every Xl, x 2 E X.  By repeat ing  this a rgument  we obta in  inductively tha t  

~, o ¢ ( x ,  + x2) - ¢ o ¢(x~)  - ~ ,  o ¢(x2)  + ,~, o ¢ ( 0 ~ )  c ~ 

for every j = k - 1 . . . . .  0, which implies tha t  

¢ (x l  + x2) - ~b(xl) - ¢(x2) + ¢ ( 0 x )  E ker(~b) 

4 The density of the homoclinic group A(~,r)(X ) in X is clear from Proposition 
3.2, since c~ r is expansive and has completely positive entropy. 
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for every Xl,X2 E X .  From L e m m a  2.3 we know tha t  the F-act ion induced by fl 
r on Yk = XL,  has the same ent ropy as f i r  and hence tha t  the restriction /~ker(¢) 

of /~r  to ker(¢)  has zero entropy. Since the m a p  

(Xl, x2) ¢(xl + x2) - ¢(xl) - ¢(x2) + ¢(0x) 

is a measurable  factor m a p  from (X × X, c~ r × a r )  to (ker(~/,),/~krer(~)), and since 

the first of these F-act ions has complete ly  positive ent ropy by assumpt ion  and 

the second one zero entropy, it follows tha t  

(~(Xl "~- X2) -- (~(Xl) -- q~(X2) "{- ~)(0X) = 0 y  

for every x l ,  x2 E X ,  i.e., t ha t  ¢ is aiYine. II 

The  following examples  show tha t  Theorem 4.1 and Corol lary 4.3 do not 

hold if any of the assumpt ions  are dropped.  Our  first example  implies tha t  the 

surject ivi ty of ¢ is necessary in Corol lary 4.3 (and hence in Theorem 4.1). 

Example  4.5: Let d = 3, p = 2, and consider the polynomials  f l ,  f2 E R (2) 

defined by f l  = 1 + ul  + u2, f2 -- 1 + ul  + u2 + u 2 + u~u2 + u~ + U 3. Let 

P --- ( f l ,  f2) C R~ 2) denote  the ideal generated by f l  and f2, and let q --- (f2) C 

R(32) be  the principal  ideal generated by f2. I t  is easy to see t ha t  p and q are 

pr ime ideals. We define the shift-actions a l  = au(32)/p and a2 = an(32)/q on 

X1 = Xn(32)/p C F2 z3 and X2 = XR(2)/q C F z3, respectively, by (2.10)-(2.11). 

F rom L e m m a  2.2 it is clear tha t  a l  and a2 are mixing and have zero entropy. 

We write * for the component-wise  mult ipl icat ion (z * Zr)n - - ~n-n ~ ~' in F2 zs and 

observe tha t  
= ' )  = ( , , " z ) .  

for every z , z '  E F~ ~ and n E Z 3 (cf. (2.8)). We claim tha t  

(4.1) x * x  ~ E X2 for every x , x '  E X1. 

In order to verify this we define subsets Si C Z 3, i = 0 , . . . ,  3, by 

So = S(/2), 
: 

$2 -- {(1, O, 0), (1, 1, 0), (2, 1, 0)} = 8 (u l f l ) ,  

$3 = {(0, 1, 0), (0, 2, 0), (1, 1, 0)} = S(u2f,), 

and consider the set Z of all z E F s°  wi th  ~ n e s ~  Zn = 0 for i = 0 . . . .  ,3. A 

calculat ion shows that ,  for every z, z '  E Z, the component-wise  produc t  w = 

z * z'  e F2 s° satisfies t ha t  ~ n e S o  w ,  = 0. This  implies (4.1). 
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Take a non-zero m C Z 3 such that  c~ ' z  = z for some non-zero z E X:  and 

define ¢: X1 -----+ X2 by ¢(x) = x * c ~ x .  Clearly ¢ is a Z3-equivariant map from 

(Xl,C~l) to (X2, a2). We choose y E X:  such that  z *  ( a ~ y -  y) ¢ Ox2. Since 

¢(0x: ) = 0x~ and ¢(z + y) - ¢(z) - ¢(y) = z * ( ( ~ y  - y) ¢ 0x~, the map ¢ is 

not affine. 

In the next example we construct a non-afflne factor map ~,: (X, a)  - -+  (X' ,  a ~) 

between expansive and mixing zero-entropy algebraic Z3-actions, where c~ ~ has 

an expansive Z2-sub-action with completely positive entropy. 

Example 4.6: We use the same notation as in the previous example. Let : = 

Pq =- (f l f2,  ]~) C R (2) be the ideal generated by f:.f2 and f~ and let/3 denote the 

algebraic Z3-action ~n~3~)/~ on Y = Xn(32)/~ C F z3. From Lemma 2.2 it follows 

that  the action (: , /3) is mixing and has zero entropy. We define continuous group 

homomorphisms 01: Y - -+  X1 and 02: Y ---+ X2 by 

e,(y)=f,(:)(y), e~(y)=f,(:)(~). 

It  is easy to verify that  for i = 1, 2, 0in (Y,/3) ---+ (Xi, c~i) is an algebraic factor 

map. Let '~/~: (Y,/3) ) (X2, c~2) be the Z3-equivariant continuous map defined 

by 
¢(x)  = 02(x) + ¢ o 01(x), 

where 0 : X 1  ) X2 is as in the previous example. Since 0: is a surjective 

homomorphism and ¢ is non-affine, it follows that  ¢ o 0: is non-affine, i.e., that  

¢ is a non-affine map. I t  is easy to see that  the restriction of 02 to X2 is a 

surjective :nap from X2 to itself. Since 0:(x) -- 0 for all x C X2 C Y, this shows 

that  ~/, is a non-affine factor map from (]v:/3) to (X2, c~2) (in fact, it can be shown 

that  T o ¢ is non-affine for every surjective c~2-equivariant group homomorphism 

r: X2 > X2). 

Our final example shows that  there exist measurably conjugate expansive 

and mixing zero-entropy algebraic Z3-actions on non-isomorphic compact zero- 

dimensional abelian groups. 

Example 4.7: Let (X:,c~l) and (X2, c~2) be as in Example 4.5, and let (X ,~ )  

denote the product action ( X l , ~ : )  × (l~k'2,0z2)- Following [2] we define a zero- 

dimensional compact abetian group Y and an algebraic Z3-action /3 on Y by 

setting Y = X1 × X2 with composition 

(x, y) C) (x', y') = (x -4- x', x * x' ÷ y ÷ y') 
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for every (x, x'), (y, y') E Y ,  and by letting 

for every (x, y) e Y and n E Z 3. The 'identity' map 0: X > Y, defined by 

¢(x,  y) = (x, y) 

for every (x, y) E X, is obviously a topological conjugacy of (X, a) and (~:/3) with 

Ax¢ -1 = Av (by Fubini's theorem). However, ~ is not a group isomorphism. In 

fact, the groups X and Y are not isomorphic: since X is a subgroup (/2 • F2) z3, 

every element in X has order 2, whereas (x, 0x2) E Y and (x, 0x2) Q (x, 0x2) = 

(0x2, x) ~ 0v for every nonzero x ¢ X1. 
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